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1 Introduction

1.1 stochastic localization for KLS conjecture

The stochastic Localization scheme was initially developed by Eldan [7] to con-
struct a series of probability densities evolving from a known f(x) that can be
utilized in proving a poly(log n) growth of the Cheeger constant, defined by

Gn := (inf
µ

inf
A⊂Rn

µ+(A)

µ(A)
)−1

where µ runs over all isotropic log-concave measures in Rn and A runs over all
Borel sets with µ(A) ≤ 1

2 .
To prove Gn = poly(log n) for universal f(x), we first verify the result on

the martingale {ft}, which has better and better log-concavity as t evolves and
thus is easier to analyze, and use the martingale condition to transfer the result
back to f(x). The constructed measure ft(x) has some good properties:

1. Martingale {ft} satisfies f(x) = E[ft(x)] for all x ∈ Rn and t.

2. When t large enough and the covariance matrix At of ft is properly
bounded (∥At∥op < CK2

n(log n)e
−ct, Kn := supµ ∥

∫
Rn x1x ⊗ xdµ(x)∥ for

isotropic log-concave µ), ft can be expressed as

ft(x) = exp(−| x

CKn

√
log n

|2 − ϕt(x)), ϕt is convex.

With a well-known concentration inequality for certain log-concave functions
and a theorem connecting the concentration with a bound of the Cheeger con-
stant, the problem is almost done.

Proposition 1 There exists a universal constant Θ > 0 such that the following
holds: Let ϕ : Rn → R be a convex function and let K > 0. Suppose that

dµ(x) ∝ e−ϕ(x)− 1
2K2 |x|2dx

is a probability measure whose barycenter lies at the origin. Then
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1. For all Borel set A ⊂ Rn with 0.1 < µ(A) < 0.9, one has µ(AKΘ) > 0.95,
where AKΘ is the KΘ-extension of A.

2. For all θ ∈ Sn−1, one has
∫
Rn⟨x, θ⟩2dµ(x) ≤ ΘK2.

Theorem 1 (E. Mailman) Suppose a log-concave probability measure µ sat-
isfies the following: there exist constants 0 < λ < 1

2 and Θ > 0 such that for
every measurable set E ⊂ Rn with µ(E) ≥ 1

2 one has

µ
(
EΘ

)
≥ 1− λ,

where EΘ denotes the Θ-extension of E. Then µ obeys the isoperimetric in-
equality

µ+(E)

µ(E)
≥ 1− 2λ

Θ
.

The theorem indicates that if we can control µ(EΘ/E) from below, then Gn =
O( 1

Θ ), and the proposition indicates that ft(EΘ/E) is bounded from below
with Θ = 1

Kn

√
logn

for large t. Finally, since ft is martingale, one can show that

f(EΘ/E) can be also bounded from below with Θ = 1
Kn

√
logn

, and the problem

is solved.

2 Stochastic localization in the linear tilt form

2.1 linear tilt localization

Start from distribution ν0 = ν, define in discrete time

νt+1(x) = νt(x)(1 + ⟨x− b(νt), Zt⟩)

where b(νt) is the barycenter/expectation of νt and Zt is a random variable such
that E[Zt|νt] = 0 and guarantees that νt+1 is a probability measure. If we let
the time interval go to 0 and set Zt = CtdWt, then we have the formulation of

the continuous setting: νt(x)
ν(x) = Ft(x)

dFt(x) = Ft(x)⟨x− b(νt), CtdWt⟩.

2.2 dynamic of at = b(νt) and At = Cov(νt)

[3, 1, 4]Given linear tilt localization process as above, we have

dat = AtCtdWt

dAt = −AtC
2
t Atdt+

∫
(x− at)(x− at)

⊤dFt(x)v(x)dx︸ ︷︷ ︸
martingale

A further calculation gives

At = E[AT |Ft] +

∫ T

t

E[AsC
2
sAs|Ft]ds
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3 Sampling in a stochastic localization frame-
work

The framework of stochastic localization [4, 6]

3.1 sampling via the stochastic localization process

The first type of sampling method stems from simulating the localization process
[8, 10], and the intuition is that as time t evolves, the mixing time (spectral gap)
of distribution νt is getting better and better.

[5, 8]We can generate the information process as

Yt = α(t)X + σWt

for α = t0.5g(t) where g(t) strictly increases to infinity as t reaches terminating
time. The process Yt obeys the SDE

dYt = α′(t)ut(Yt)dt+ σdBt, ut(y) = EX∼qt(·|y)[X] =

∫
xqt(x|y)dx

qt(x|y) ∝ π(x)N(y/α(t), σ2/g(t)2Id)

Stochastic Localization via Iterative Posterior Sampling (SLIPS) iteratively
samples Yt starting from a initialization distribution pt0(y) until the terminating
time T , where YT /α(T ) has the same distribution as X. To estimate score
ut(Yt) in each time step t, SLIPS uses another Unadjusted Langevin Algorithm
(ULA) to sample {Xj

t }mj=1 according to qt(x|y). The same derivation can be
implemented in discrete distribution [10].

3.2 Markov chain associated to stochastic localization

The second type of sampling can be viewed as a latent variable method ν(x) =
νθ(x)π(θ), the underlying essence also indicates the key to the KLS conjecture.
We are striving for a balance between the concavity of conditional distribution
νθ(x) for every single θ and the consistency between νθ and ν (in some context
it is entropy contraction).

Consider the localization scheme {νt} (martingale) corresponding to ν. The
markov chain associated to {νt} at time τ is defined by

Px→A = E[
ντ (x)ντ (A)

ν(x)
].

It can be interpreted in another way: Consider X,Y are two independent vari-
able drawn from given distribution ντ , thus P (X ∈ A, Y ∈ B) = E[ντ (A)ντ (B)].
Then

Px→A = P (Y ∈ A|X = x).
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3.2.1 examples of localization scheme

Glauber Dynamics The Glauber dynamics has the transition kernel

PGD
x→y(ν) =

1

n

ν(y)

ν(x) + ν(y)

3.2.2 spectral gap guarantee

For P (L,τ)(ν), which is the markov transition kernel associated to localization
process L from distribution ν at time τ , we can bound its spectral gap (MLSI)
by variance (entropy) conservation

gap(P (L,τ)) = inf
E[V arντ [ϕ]]

V arν [ϕ]

ρLS(P
(L,τ)) ≥ inf

E[Entντ
[ϕ]]

Entν [ϕ]
.

It is natural to first work on
E[V arνt+1

[ϕ]|νt]

V arνt [ϕ]
. We consider a linear-tilt local-

ization

νt+1(x) = νt(x)(1 + ⟨x− b(νt), Zt⟩)

with E[Zt|νt] = 0, where b(ν) is the expectation/barycenter of ν. It’s easy
to verify that {νt(x)}t is a martingale. Then the variance conservation has
something to do with the random tilt Zt:

Lemma 1 For a test function ϕ, we have

E[V arνt+1
(ϕ)|νt]− V arνt

(ϕ) = −⟨vt, Ctvt⟩

vt :=

∫
Ω

(x− b(νt))ϕ(x)νt(dx), Ct := Cov(Zt|νt)

And furthermore we have

E[V arνt+1(ϕ)|νt]
V arνt(ϕ)

≥ 1− ∥C1/2
t Cov(νt)C

1/2
t ∥op

Question: Is this bound useful in most of the case?
Remark: Ct = constant · Cov(νt)

−1 preserve the variance best.

In the lemma above, vt represents exactly the covariance between ϕ(X)
and X. More precisely, consider ṽt = Cov(νt)

−1/2vt =
∫
Ω
Cov(νt)

−1/2(x −
b(νt))ϕ(x)νt(dx) =

∫
Ω
yϕ(Cov(νt)

1/2y + b)µt(dy) =
∫
Ω
yϕ̃(y)µt(dy), where Y ∼

µt is the isotropic distribution obtained by rescaling νt, then ⟨vt, Ctvt⟩ = ⟨ṽt, C̃tν̃t⟩
for C̃t = Cov(νt)

1/2CtCov(νt)
1/2. Furthermore, note that V arνt

(ϕ) = V arµt
(ϕ̃).

That means to preserve variance as much as possible, we need to first control
the variance of Z in each step and second align Ct with Cov(νt)

−1.
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What we have in practice

• Gaussian channel Yt = α(t)X + σBt (stochastic localization via iterative

sampling), Ct =
α(t)′

σ I.

• Glauber dynamics, Ct = diag(Cov(νt)
−1), spectral gap Π(1−∥diag(Cov(νt))Cov(νt)

−1∥
n−t

• Coordinate Gibbs, spectral gap 1
n (1− ∥diag(Cov(νt))Cov(νt)

−1∥)

3.2.3 annealing sampling

Interesting thing about log-concave measure We see in many cases that
some assumptions are imposed on the target distribution µ with dimension d
especially when it’s not log-concave. The most prominent one is that we assume
its tail distribution outside a ball with radius R behaves as a Gaussian with
covariance τ2I. The standard scaling of three factors should be

R ∼
√
dt.

And with that, we can also say something more about its Poincarè/log-
Sobolev constant.Suppose the measure µ has a C2 densitydµ(x) = e−V (x) dx,
and that the potential satisfies the uniform convexity condition ∇2V (x) ⪰ t−2I
when ∥x∥ ≥ R. Applying the Bakry–Émery criterion together with the Holley–
Stroock bounded-perturbation lemma, one obtains

CLS(µ) ≤ t2 eoscBR
V , CP (µ) ≤ CLS(µ), (2.3)

where
oscBR

V := sup
∥x∥≤R

V (x) − inf
∥x∥≤R

V (x).

Because V (x) ≈ ∥x∥2/(2t2) in the vicinity of ∥x∥ = R, the lob-sobolev

constant is bounded above by t2e
R2

2t2 .

4 Ising model

4.1 introduction

Given graph (V,E) and space Ω = {−1, 1}|V |, the Hanmiltonian of Ising model
is defined as H(σ) = −

∑
E Ji,jσiσj −

∑
i hiσi. The Gibbs weight of state σ is

µ(σ) ∝ e−βH(σ).

• Ji,j ≥ 0 ferromagnetic

• Ji,j ≤ 0 antiferromagnetic

• otherwise spin glass.
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4.2 k-Glauber Dynamics

As the external field h grows to infinity, the spectral gap converges to O(1).[10]

4.3 Swendsen Wang method

4.3.1 Algorithm

For a typical no external field case

1. Sampling ωi,j for each (i, j) ∈ E and σi = σj , P[ωi,j = 1] = pi,j =
1− e−2βJi,j .

2. Sampling each cluster with p = 0.5 to get next σ.

When there is an external field Add a fake particle.

Antiferromagnetic Change the probability pi,j

spin-glass model Other SW-based model

4.4 Spectral gap results

Trying to recover:

• For a complete graph G, assume βJi,j ∼ β
n , λSW = O(1) when β small

(high temp), λSW = n−0.25 when a critical β [9] and λSW = c(β) log(n)
when β is large [2].

4.5 Stochastic localization of SW algorithm in ferromag-
netic model

4.5.1 Construction of localization scheme

Consider a ferromagnetic model with graph (V,E), Ji,j ≥ 0 and h = 0, suppose

that σ is sampled from µ(σ) ∝ e−β
∑

(i,j) Ji,jσiσj . For each edge e = ei,j ∈ E of σ
with σi = σj , we assign a exponential clock with intensity λe = − log(1−pi,j) =
2βJi,j , and when it rings we connect σi and σj . We define the state of edge ei,j
at time t as wt

i,j ;w
t
i,j = 1 if σi and σj are connected at time t and 0 otherwise.

The stochastic localization can then be framed as µt(·) = E[1{σ∈·}|Ft], where
Ft is spanned by ws

i,j for s ≤ t and (i, j) ∈ E. Define Ct = {e = (i, j)|wt
i,j = 1}

as the connected edges at time t.
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Proposition 2 {µt}t is a stochastic localization and

µt(dσ) ∝ µ(dσ)(Πe=(i,j)∈Ct
1{σi=σj})e

−
∑

e=(i,j)/∈Ct
λet1{σi=σj}

∝ µ(dσ)Π(i,j)(1{wt
i,j=1}1{σi=σj} + 1{wt

i,j=0}e
−λet1{σi=σj})

=
µ(dσ)Wt(σ,w

t)κt(w
t)

κt(wt)
∑

σ′ µ(σ′)Wt(σ′, wt)

where Wt(σ,w
t) = Π(i,j)(1{wt

i,j=1}1{σi=σj} + 1{wt
i,j=0}e

−λet1{σi=σj}), κt(w
t) =

Πe(1− e−λet)
1{wt

e=1} and
∑

w κt(w)Wt(σ,w) = 1 for any σ.

proof. By Bayes formula we have µt(σ|Ft) = µt(σ|wt
e,∀e ∈ E) ∝ µ(σ)(Π{e|wt

e=1}P(wt
e =

1|σ))(Π{e|wt
e=0,σi=σj}e

−λet). Since P(wt
e = 1|σ) = (1− e−λet)1{σi=σj}. Combin-

ing the two equations gives

µt ∝ µ(dσ)(Πe=(i,j)∈Ct
1{σi=σj})e

−
∑

e=(i,j)/∈Ct
λet1{σi=σj} .

Note that for any e = (i, j),∑
wt

i,j∈{0,1}

(1− e−λet)
1{wt

e=1}(1{wt
i,j=1}1{σi=σj} + 1{wt

i,j=0}e
−λet1{σi=σj}) = 1.

Thus κt(w)Wt(σ,w) is a density function of w regardless of σ.

Proposition 3 Denote dµt

dµ = Ft(σ). Then the process {Ft}t is driven by

∂tFt(σ) = −Ft(σ)
∑
e/∈Ct

λe(Ie(σ)− µt(Ie))dt+
∑
e/∈Ct

Ft(σ)(
Ie(σ)

µt(Ie)
− 1)dwt

e

where Ie(σ) = 1{σi=σj}.

proof.

Lemma 2 For a test function f , one has

dV arµt
(f) = −

∑
e/∈Ct

λe
Covµt(f, Ie)

2

µt(Ie)
dt

proof. Given a small h > 0, one has

V arµt+h
(f)− V arµt

(f)

=µt+h(f
2)− µt(f

2)− 2µt(f)(µt+h(f)− µt(f))− (µt+h(f)− µt(f))
2.

Note that E[µt+h(f)|µt] − µt(f) = o(h), then E[V arµt+h
(f)|µt] − V arµt(f) =

E[(µt+h(f) − µt(f))
2|µt]. Since µt+h(·) = E[1{σ∈·}|Ft+h], we have µt+h(·) =

7



µt(·|Ie(·) = 1) if e is connected during (t, t + h). Note that the edge e is
connected with probability λeµt(Ie)h, thus we have

∂tV arµt
(f) = lim

h→0

E[V arµt+h
(f)|µt]− V arµt

(f)

h

= −
∑
e/∈Ct

λeµt(Ie)(µt(f |Ie = 1)− µt(f))
2

= −
∑
e/∈Ct

λe
Covµt

(f, Ie)
2

µt(Ie)

Lemma 3 Under the same setting of G = (V,E), J, µt, the following holds:

• The probability of edge e being chosen during time (t, t+h) is λeµt(Ie)h+
o(h).

• E[µt+h(f)|µt]− µt(f) = o(h).

proof.

Lemma 4 A lower bound of sepctral gap λSW .

proof. Define ϕe =
√

λe

µt(Ie)
(Ie − µt(Ie)), then

−
∑
e/∈Ct

λe
Covµt

(f, Ie)
2

µt(Ie)
= −

∑
e/∈Ct

⟨ϕe, f − µt(f)⟩2 = −⟨f − µt(f),Kt(f − µt(f))⟩

where Kt =
∑

e/∈Ct
ϕeϕ

⊤
e . Thus we have

dV arµt(f) ≥ −∥Kt∥∥f − µt(f)∥2µt
= −∥Kt∥ · V arµt(f)

Since ∥Kt∥ ≤ (|E| − |Ct|)λmax (∥Kt∥ ≤
∑

e/∈Ct
λe), we have
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